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2 $\vdash-|$) $’\cdot/2\mathrm{f}\overline{\tau}^{-}7$ ) $\triangleright\ \mathrm{G}\mathrm{r}\ddot{\mathrm{o}}\mathrm{b}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{E}\mathrm{E}$
$A\in \mathbb{Z}^{d\mathrm{x}n}$ , $c\in \mathbb{R}^{n}$ , $b\in \mathbb{Z}^{d}$ , $IPA,c(b)$
$IPA,C(b):=minimize$ $\{c\cdot x|Ax=b, x\in \mathrm{N}^{n}\}$ ( $\mathrm{N}$ )
, $IPA,C:=\{IPA,c(b)|b\in\{Au |u\in \mathrm{N}^{n}\}\}$ . IPA,
, $c$ (generic) .
IPA, , }$\backslash -$ . $k[x]:=$
$k[x_{1}, \ldots, x_{n}]$ ( $k$ , $n$ $IPA,C(b)$ ) , $a=(a_{1}, \ldots, a_{n})\in \mathrm{N}^{n}$ (
, $x^{a}:=x_{1}^{a_{1}}x_{2^{2}}^{a}\cdots x_{n}^{a_{n}}$ . , $A$ $/\triangleright$ (toric ideal) $I_{A}$ $I_{A}:=$
$\langle oe^{u}-x^{v}| Au=Av, u, v\in \mathrm{N}^{n}\rangle$ .
21Gr\"obner Conti-iRaverso
$k[x]$ $\succ$ (term order) , 1 , $x^{u}\succ$
$oe^{v}\Rightarrow x^{u+w}\succ oe^{v+w}(^{\forall}w\in \mathrm{N}^{n})$ . , $\succ$ , $c$
\succ , $c\cdot v$ $c\cdot u=c\cdot v$ $x^{u}\succ x^{v}$ $oe^{u}\succ_{C}x^{v}$
. $c\geq 0$ , \succ .
$f\in I_{A}$ \succ $f$ (initial term) $\mathrm{A}\mathrm{a}$ , $in_{\succ c}(f)$ .
, $’\mathrm{s}I_{A}$ (initial ideal) $in_{\succ c}(I_{A})$ $in_{\succ c}(I_{A}):=\langle in_{\succ c}(f)|f\in I_{A}\rangle$
.
21 G\succ $=\{g_{1}, \ldots,g_{s}\}\subseteq I_{A}$ $|.n_{\succ c}(IA)=\langle in_{\succ c}(g_{1}), \ldots,:n_{\succ c}(g_{s})\rangle$ ,
G, $I_{A}$ \succ Gr\"obner (Gr\"obner basis) . $Gr\tilde{o}bner$ G,
(reduced) , $i$ $:n_{\succ c}(g:)$ 1 , $i$ $g_{i}$
$in_{\succ c}(g_{j})$ $(:\neq j)$ .
\succ Gr\"obner , Buchberger
[4]. , $I_{A}$ Gr\"obner $I_{A}$ [4]. , $I_{A}$
$\deg(x:)=\mathrm{A}$. $>0(i=1, \ldots, n)$ , $c\in \mathbb{R}^{n}\backslash \{0\}$ \succ
, Gr\"obner G, [17].
$u\in \mathbb{Z}^{n}$ $u=u^{+}-u^{-}$ ( $u^{+},$ $u^{-}\in \mathrm{N}^{n}$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u^{+})\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u^{-})=\emptyset$) .
, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u):=\{i|u:\neq 0\}$ ( $u$ (support) ). $I_{A}$ Gr\"obner G\succ ,
$g_{\succ c}=\{x^{u_{1}^{+}}-x^{u_{1}^{-}}, \ldots, x^{u_{\mathrm{p}}^{+}}-x^{u_{\mathrm{p}}^{-}}\}(u_{1}, \ldots, u_{p}\in \mathrm{k}\mathrm{e}\mathrm{r}(A)\cap \mathbb{Z}^{n})$ [17].
22 $A=(\begin{array}{lll}1 1 0-1 0 1\end{array})$ , $IP_{A,C}(b)=minimize\{c\cdot x|Ax=$
$b,$ $x=(x_{1,2}, x_{1,3}, x_{2,3})\in \mathrm{N}^{3}\}$ . , $I_{A}=(x_{1,2}x_{2,3}-x_{1,3}\rangle$ .
, $c=(c_{1,2}, c_{1,3}, c_{2},s)=(3,1,2)$ , $\mathrm{K}\mathrm{s}$ $in_{C}(IA)=\langle x_{1,2}x_{2,3}\rangle$ , Gr\"obner
$g_{\succ c}=\{x_{1,2}x_{2,3}-x_{1,3}\}$ .
, \succ $c$ $\succ$ . $\{ae\in \mathrm{N}^{n}|Ax=b\}$
\succ $IPA,\succ c(b)$ , $u$ $IP_{A,\mathrm{C}}(b)$
.. Conti-Traverso [2] , }$\backslash -$ ’ Gr\"obner $IP_{A,\succ_{\mathrm{C}}}(b)$
. , Conti-Traverso






1. $I_{A}$ \succ Gr\"obner $\mathcal{G}_{\succ c}$ .
2. $IPA,C(b)$ $v$ , G, $x^{v}$ $x^{u}$ .
3. $u$ . $u$ $IP_{A,\succ c}(b)$ .
22( ) $b=(4,5)$ . (4, 0, 9) , G, $x_{1,2}^{4}x_{2,3}^{9}$ $x_{1,\mathit{3}}^{4}x_{2,3}^{5}$
, $IP_{A,\succ c}(b)$ (0, 4, 5) .
22
$[n]:=\{1, \ldots, n\}$ .. $x^{a}\in k[x]$ $\sigma\subseteq[n]$ $(x^{a}, \sigma)$
$\backslash \backslash \backslash$
$in_{\succ c}(I_{A})$
(standard pair) , (i) $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(a)\cap\sigma=\emptyset$ , (ii) $x^{a}\cdot k[xj|j\in\sigma]:=\{x^{a}\cdot f|f\in k[xj|j\in\sigma]\}$
$in_{\succ c}(I_{A})$ ( $in_{\succ c}(I_{A})$ ), (iii) (i) (ii)
$(x^{a^{l}}, \sigma’)$ , $x^{a}$ $x^{a^{l}}$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}.(x^{a}/x^{a’})\cup\sigma\subseteq\sigma$ ’
, . , $(x^{a}, \sigma)$ , $x^{a}\cdot k[x_{j}|j\in\sigma]$
. (iii) , (i), (ii) $(x^{a’}, \sigma’)$
$(x^{a}, \sigma)\not\subset(x^{a’}, \sigma’)$ . $in_{\succ c}(I_{A})$ $S(in_{\succ c}(I_{A}))$
. $in_{\succ c}(I_{A})$ , $in_{\succ c}(I_{A})$ . $in_{\succ c}(I_{A})$
$\lambda\backslash 1$ (standard pair decomposition) . $in_{\succ c}(I_{A})$ $|S(in_{\succ c}(IA))|$ l $n_{\succ c}$ $(I_{A})$
(arithmetic degree) , ardh-deg $(in_{\succ c}(I_{A}))$ [19].
22( ) ( $\{(1,2),$ $(1,3),$ $(2,3)\}$ ) $c=(3,1,2)$ , in(3,l,2)(IA)
$\{(1, \{(1,2), (1,3)\}), (1, \{(1,3), (2,3)\})\}$ , $in_{(3,1,2)}(I_{A})$ 2. $c=(1,4,2)$
$\{(1, \{(1,2), (2,3)\})\}$ , in(l,4,2)(IA) 1 .
2: 2 . ($p,$ $q,$ \rightarrow $x_{1,2}^{p}x_{1,3}^{q}x_{2,3}^{r}$ .
, $c$ . $in_{\succ c}(I_{A})=in_{C}(I_{A}):=\langle in_{C}(f)|f\in I_{A}\rangle$
(in (f) $f$ $c$ ) . $A$
$\{a_{1}, \ldots, a_{n}\}$ , $a_{1},$ $\ldots,$ $a_{n}$ cone(A) . $\sigma\subseteq[n]$ , $\sigma$
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$A$ $A_{\sigma}$ . $c$ , cone(A)
$1$ (regular triangulation) $\Delta_{\mathrm{C}}$ :cone(A\sigma ) $\Delta_{\mathrm{C}}$ $y\cdot a_{j}=$
$c_{j}(j\in\sigma)$ $y\cdot aj<cj(j\not\in\sigma)$ $y\in \mathbb{R}^{d}$ . cone(A\sigma )
\Delta , $\sigma$ \Delta . $c$ , $\Delta_{\mathrm{C}}$
( , $\Delta_{\mathrm{C}}$ ) [18].
24([17, 19])
(i) $in_{C}(IA)$ $(*, \sigma)$ , $\sigma$ \Delta .
(ii) $in_{C}(IA)$ $(1, \sigma)$ , $\sigma$ \Delta .
(iii) $a_{1},$ $\ldots,$ $a_{n}$ , $\Delta_{c}$ $\{a_{1}, \ldots, a_{n}\}$ conv(A) $c$
, $\Delta_{C}$ $\sigma$ $(*, \sigma)$ $in_{C}(I_{A})$ \Delta
$\sigma$ .
, conv(A) $m$ (lattice) $L\simeq \mathbb{Z}^{m}$ , $\Delta_{C}$ $\sigma$
(nomalized volume) , $\sigma$ 0, $e_{1},$ $\ldots,$ $e_{m}$ 1
( $\{e:\}_{1\leq 1\leq m}$. $L$ ).
$P\subset \mathbb{R}^{n}$ $F$ , $P$ $F$ (normal cone) $\{\omega\in \mathbb{R}^{n}|\omega\cdot x’\geq$
$\omega\cdot x(^{\forall}x’\in F, x\in P)\}$ . $P$ $P$ (.normal fan) .
2.5([9]) $\Delta_{C}$ $P_{C}:=\{y\in \mathbb{R}^{d}|yA\leq c\}$ .
$P_{C}$ $IPA,C(b)$ $LP_{A,C}(b):=minimize$ $\{c\cdot x|Ax=b, x\geq 0\}$
. $A$ , $LP_{A,C}(b)$ \Delta 1
1 .
22( ) $c=(3,1,2)$ , $\Delta(3,1,2)=\{\{1,2\}, \{2,3\}, \{1\}, \{2\}, \{3\}, \emptyset\}$ .
3: $P(3,1,2)$ $\Delta(3,1,2)$
, $\{k:\}:\in\sigma$ $u=a+ \sum_{1\in\sigma}.k_{\dot{l}}e$: , $b=Au$ $=Aa+ \sum_{:\in\sigma}k_{i}a_{i}$
. 2.4 $\{a_{i}\}_{i\in\sigma}$ , $\{k:\}:\in\sigma$ $\sum_{:\in\sigma}x:a:=b-Aa$
. $in_{C}(I_{A})$ $IPA,\mathrm{C}(b)$ .
26($S(in_{c}(IA))$ $IPA,C(b)$ [8])
(i) $(x^{a}, \sigma)\in S(in_{c}(IA))$ , $\sum_{\dot{\iota}\in\sigma}x_{\dot{\iota}}a:=b-Aa$ $\{k_{i}\}_{i\in\sigma}$ .
126
(ii) {k } 6 , $a+ \sum_{\ovalbox{\tt\small REJECT} 6\sigma}k_{i}e_{i}$ . ,
(i) .
arith-deg $(in_{C}(I_{A}))$ . , ,
arith-deg(inc(IA)) $IP_{A,\mathrm{C}}$ .
3
$A\in \mathbb{Z}^{d\cross n}$ . $A$ 0 , $A$
(unimodular) . $A$ , $c$ $inc(I_{A})$
( 0-1 ) [17], \Delta
.
31([9]) $\{m_{1}, \ldots, m_{s}\}$ $in_{c}(IA)$ . $m_{1},$ $\ldots,$ $m_{s}$
, $S(in_{\mathrm{C}}(IA))=$ { $(1,$ $\sigma)|\sigma$ $\Delta_{C}$ }.
$A\in \mathbb{Z}^{d\cross n}$ , $A$ (homogenized matrix) $A’|\in \mathbb{Z}^{(d+1)\cross(n+1)}$
$A’:=(1 1 A\cdots 1 10)=(\begin{array}{llll}1 1 1 1a_{1} a_{2} a_{n} \mathrm{o}\end{array})$ (1)
. $a_{i}’=(\begin{array}{ll}1 a .\end{array})(1\leq i\leq n)$ , $a_{n+1}’$ $A’$ $(n+1)$ , $a_{1}’,$ $\ldots,$ $a_{n}’,$ $a_{n+1}’$
$x_{1}=1$ .
, $(_{b}^{\beta})$ $\{A’u|u\in \mathrm{N}^{n+1}\}$
$IP_{A’,(C,0)}(b, \beta):=minimize$ $\{c\cdot x|A’(\begin{array}{l}xx_{n+1}\end{array})=(_{b}^{\beta}),$ $(\begin{array}{l}xx_{n+1}\end{array})\in \mathbb{N}^{n+1}\}$
$IP_{A’,(\mathrm{C},0)}$ . $c$ IPA, , $(c, 0)$ $IP_{A’,(C,0)}$ 1
.
32([19]) $x^{a}\in k[x],$ $\sigma\subseteq[n]$ . $(x^{a}, \sigma)\in S(in_{C}(IA))$
$(x^{a}, \sigma\cup\{n+1\})\in S(in(C,0)(IA’))$ .
22( ) $A’=(\begin{array}{llll}1 1 1 11 1 0 0-1 0 1 0\end{array})$ . $I_{A’}\subset k[x_{1,2}, x_{1,3}, x_{2,3}, x_{4}]$
.
, $c=(3,1,2)$
$in_{(3,1,2,0)}(I_{A’})$ $\{(1, \{(1,2), (1,3), 4\}), (1, \{(1,3), (2,3), 4\})\}$ , in(3,1,2) $(I_{A})$
$(1, \{(1,2), (1,3)\}),$ $(1, \{(1,3), (2,3)\})$ . , $c=(1,4,2)$ $in(1,4,2,0)(I_{A’})$
$\{(1, \{(1,2), (1,3), (2,3)\}), (1, \{(1,2), (2,3), 4\})\}$ . $(1, \{(1,2), (2,3), 4\})$
32 , $in(1,4,2)(I_{A})$ $(1, \{(1,2), (2,3)\})$ .
$a_{1}’,$
$\ldots,$
$a_{n+1}’$ , 24(iii) conv(A’) $\Delta_{(c,k)}’$
$in(c,k)(I_{A’})$ .
33([7]) $A$ , $in_{c}(IA)$ conv(A’) .
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( ) $c$ $in_{\mathrm{C}}(\ovalbox{\tt\small REJECT})$ { $(1,$ $\sigma)|\sigma$ \Delta } , $(1, \sigma)$
$in_{(C,0)}(\ovalbox{\tt\small REJECT},)$ $(1,\sigma \mathrm{U}\{n+1\})$ . $\sigma \mathrm{U}\{n+1\}$ $\Delta\ovalbox{\tt\small REJECT}_{C,0)}$ .
,
arith-deg (inc(IA)) $=$ $|\{(1, \sigma)\in S(inc(I_{A}))\}|$





, (2) $\Delta_{(C,0)}$ $\tau$ .
$I_{A}\subset k[oe],$ $I_{A’}\subset k[x_{1}, \ldots , x_{n}, x_{n+1}]$ . $x^{a}-x^{b}x_{n+1}^{k}\in I_{A’}(oe^{a}, oe^{b}\in k[x])$
$\sum_{1=1}^{n}.(a:-b:)=k$ $x^{a}-x^{b}\in I_{A}$ . $c=(1,1, \ldots, 1)$ , $\succ$ $x_{n+1}$
, $\succ(C,0)$ $I_{A’}$ Gr\"obner
$\mathcal{G}$ $g$ , $in_{\succ_{\mathrm{t}}c,0)}(g)$ $x_{n+1}$ , $\{in_{\succ}((C.0)g)|g\in \mathcal{G}\}$ $k[x]$
$\succ’$
$in_{\succ_{\acute{C}}}(I_{A})$ , $in_{\succ_{\mathrm{t}}c,0)}(g)$ .
, $\Delta_{\succ_{\mathrm{t}}c,0)}’$ [17] , $in_{C}(IA)$ 1 1 .
, $in_{C}(I_{A})$ $\Delta_{\succ_{\mathrm{t}}c.0)}’$ $\langle$ , conv(A’) .
LPl, (b) $B$
$P_{(MI),\overline{C}}(\tilde{b}):=maximize$ $\{(-\tilde{c})^{\mathrm{T}}x’|Mx’+I_{d}x’’=\tilde{b}_{B}, X’, X’’\geq 0\}$
$D_{(I-M^{\mathrm{T}}),\overline{b}}(\tilde{c}):=minimize$
$\{\tilde{b}_{B}^{\mathrm{T}}y’’|I_{n-d}y’-M^{\mathrm{T}}y’’=\tilde{c}, y’, y’’\geq 0\}$
. , $M\in \mathbb{Z}^{d\mathrm{x}(n-d)}$ , $\tilde{b}=(\tilde{b}_{B},\tilde{b}_{N})(\tilde{b}_{B}=(\tilde{b}_{\dot{l}}):\in B\in \mathbb{Z}^{d}, \tilde{b}_{N}=(\tilde{b}_{1}.):\not\in B=0\in \mathbb{Z}^{n-d})$ ,
$I_{d}\in \mathbb{Z}^{d\mathrm{x}d}$ $I_{n-d}\in \mathbb{Z}^{(n-d)\mathrm{x}(n-d)}$ $F^{1}\downarrow$ , $oe”$ , $x’$ $P_{(MI),\overline{C}}(\tilde{b})$ ,
, $y’$ , $y’$’ $D_{(I-M^{\mathrm{T}}),\overline{b}}(\tilde{c})$ , , $\tilde{c}$ $B$
.
l.nc(IA)=inc-(I ) $I))$ $(1, \sigma)$ , $\overline{\sigma}:=\{1, \ldots, n\}\backslash \sigma$ $D(I-M^{\mathrm{T}}),\tilde{b}(\tilde{c})$
( 25).
$\sigma_{1}:=(\{1, \ldots,n\}\backslash B)\cap\sigma$, $\sigma_{2}:=B\cap\sigma$, $\overline{\sigma_{1}}:=(\{1, \ldots,n\}\backslash B)\cap\overline{\sigma}$, $\overline{\sigma_{2}}:=B\cap\overline{\sigma}$ .
, $D_{(I-M^{\mathrm{T}}),\overline{b}}(\tilde{c})$ $\overline{\sigma}$ (reduced cost vector)
.
$\tilde{b}_{\sigma}’=\tilde{b}_{\sigma}-N_{1}^{\mathrm{T}}(B_{1}^{-1})^{\mathrm{T}^{\sim}}\triangleright_{\sigma}$, $B_{1}=(I_{\overline{\sigma_{1}}} (-M^{\mathrm{T}})_{\overline{\sigma_{2}}}),$ $N_{1}=(I_{\sigma_{1}}(-M^{\mathrm{T}})_{\sigma_{2}})$ .






















, (3) $M=MI=M_{\sigma_{1}}(I_{\sigma_{1}})^{\mathrm{T}}+M_{\overline{\sigma_{1}}}(I_{\overline{\sigma_{1}}})^{\mathrm{T}}$ M $=I(-M)=I_{\sigma_{2}}((-M^{\mathrm{T}})_{\sigma_{2}})^{\mathrm{T}}+$
$\ovalbox{\tt\small REJECT}((-M^{\mathrm{T}})_{\overline{\sigma_{2}}})^{\mathrm{T}}$ .
4 Gr\"obner
$G_{d}$ 1, 2, . .. , $d$ $d$ }$\backslash -$ , $n=(\begin{array}{l}d2\end{array})$ $G_{d}$ .
$G_{d}$ $(i,j)(i$ $i$ $j$ .
$P_{A,C}(b)$ .
$P_{A,C}(b):=minimize$ $\{c^{\mathrm{T}}oe|Ax=b, x\geq 0\}$ ,
, $A\in \mathbb{Z}^{d\mathrm{x}n}$ $G_{d}$ .
$G_{d}$ $(v_{1},v_{2}, \ldots, v_{p})$ , $1\leq i<p$ $(v:, v_{i+1})$ ( $v_{i+1}$ , v $G_{d}$ \iota
$G_{d}$ (walk), $(v_{1}, v_{2}, \ldots, v_{p}, v_{1})$ (cycle), $i\neq j$
$v_{i}\neq v_{j}$ $(v_{1}, v_{2}, \ldots, v_{p}, v_{1})$ (circuit) $\mathrm{A}\mathrm{a}$ .
41 $C$ $G_{d}$ , $C$ . ( $i$ , $C$
$u_{ij}^{+}=1,$ $u_{ij}^{-}=0$ , $u_{ij}^{+}=0,$ $u_{ij}^{-}=0$ , $u_{C}^{+}=(u_{\dot{\iota}j}^{+})_{1\leq:<j\leq d},$ $u_{\overline{C}}=(u_{\dot{\iota}j}^{-})_{1\leq i<j\leq d}\in$
$\mathbb{R}^{n}$ . $uc:=u_{C}^{+}-u_{\overline{C}}\not\in:C$ $\mathrm{g}\mathrm{F}_{\mathrm{L}}$, (incidence vector) $\mathrm{A}^{\mathrm{a}\vee}\grave{)}$ . $\mathrm{A}\mathrm{a}$ , $G_{d}$
$C$ $fc:=x^{u_{c-X}^{+}u_{\overline{C}}}\in I_{A}$ .
4.2 $u\in \mathrm{k}\mathrm{e}\mathrm{r}(A)\backslash \{0\}$ (circuit) , $\mathrm{k}\mathrm{e}\mathrm{r}(A)\backslash \{0\}$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(u)$ , $u$ $|_{\sqrt}\mathrm{a}$
. $u\in \mathrm{k}\mathrm{e}\mathrm{r}(A)\backslash \{0\}$ , $x^{u}-x^{u^{-}}+$ $I_{A}$
$\mathrm{A}\mathrm{a}\mathrm{A}\mathrm{a}$ , $I_{A}$
$\mathrm{C}_{A}$ .
$\mathrm{C}_{A}$ $G_{d}$ . $I_{A}$ Gr\"obner
$I_{A}$ Gr\"obner (universal Gr\"obner basis) $\mathrm{A}\mathrm{a}\mathrm{t}_{\sqrt}\mathrm{a}$ , $\mathcal{U}_{A}$ .
43([17]) $G_{d}$ $A$ , $\mathcal{U}_{A}=\mathrm{C}_{A}$ . , $I_{A}$ Gr\"obner
, $\mathcal{U}_{A}$ $d$ .
4.4 $I_{A}$ $\deg(x:,j)=1$ , $\deg(x:,j)=j-i$ l
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( ) $d$ [ $x_{1,2}x_{2,3}-x_{1,3}\in I_{A}$ $x_{1,2}x_{2,3}\not\in I_{A}$ , $I_{A}$ $\deg(x_{i,j})=1$
.
$v_{1},$ $v_{2},$ $\ldots,$ $v_{p},$
$v_{1}$ $G_{d}$ , $C^{+}:=\{k|v_{k}<v_{k+1}\}$ , $C^{-}:=\{k|v_{k}>v_{k+1}\}$
( $v_{p+1}:=v_{1}$ ) , $C$ $fc$ $fc= \prod_{k\in c+}x_{v_{k}v_{k+1}}-\prod_{k\in C^{-}}x_{v_{k+1}v_{k}}$ .
$\deg(\prod_{k\in C^{+}}x_{v_{k}v_{k+1}})-\deg(\prod_{k\in C^{-}}x_{v_{k+1}v_{k}})$ $=$
$\sum_{k\in c+}(v_{k+1}-v_{k})-\sum_{k\in C^{-}}(v_{k}-v_{k+1})$
$=$ $\sum_{k=1}^{p}(v_{k+1}-v_{k})=0$
$fc$ $\deg(x:,j)=j-i$ [ .





45 $x:,j\succ xk,l\Leftrightarrow$ $i<k$ ($i=k$ $j<l$)
$\succ$ , $\succ$ $I_{A}$ Gr\"obner { $g_{1}.jk$ :=x xj,k $-x_{i,k}$ $|i<j<k$} $\cup\{\mathit{9}ijkl:=$
$x:,kxj,l-x_{1}.,lxj,k|$ $:<j<k<l\}$ . , Gr\"obner $(\begin{array}{l}d3\end{array})+(\begin{array}{l}d4\end{array})$ .
$\{g_{\dot{\iota}jk}|i<j<k\}$ $G_{d}$ 3 , $\{g_{1}.jkl|i<j<k<l\}$ 4 $i,$ $j,$ $k,$ $l$
4 (Figure 4).
4: $g_{\dot{l}}jk$ ( ) $g_{1}.jkl$ ( )
( ) 43 , $G_{d}$ $\mathit{9}ijk$ $\mathit{9}ijkl$
$\mathrm{a}$ , $in_{\succ}(g_{1jk}.)$ $in_{\succ}(g_{1}.jk\iota)$ .
3 $\{g_{\dot{\iota}jk}\}$ .
4 $i<j<k<l$ , $C_{1}:=(i,j, k, l, i),$ $C_{2}:=(i,j, l, k, i),$ $C_{3}:=(i, k,j, l, i)$
. $C_{1}$
$\pm(x:,jxj,kxk,l-x:,\iota)$ , $x:_{\dot{\beta}j,kk,l}xx$ $in_{\succ}(g_{1jk}.)$ . , $C_{2}$
$in_{\succ}(g_{\dot{l}}j\iota)$ . $C_{3}$
gij .
$C$ 5 . $v_{1}$ $C$ , $C:=(v_{1},’ v_{2},$ $\ldots$ ,
$v_{p},$ $v_{1})$ . , $v_{2}<v_{p}$ . $C$ $fc$ $in_{\succ}(f_{C})$
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, $C$ $(v_{1}, v_{2})$ . $v_{2}<v_{3}$ , $x_{v_{1},v_{2}}$
$x_{v_{2},v_{3}}$
$in_{\succ}(f_{C})$ , $in_{\succ}(fc)$ $in_{\succ}(g_{v_{1}v_{2}v_{3}})$ $\mathrm{I}\mathrm{J}$ . $v_{2}>v_{3}$ , $v_{3}<v_{2}<v_{p}$
$v_{1}<v_{k}<v_{2}<v_{k+1}$ $k(3\leq k\leq p-1)$ , $x_{v_{1},v_{2}}$ $x_{v_{k},v_{k+1}}$ $in_{\succ}(fc)$ ,
$in_{\succ}(f_{C})$ $in_{\succ}(g_{v_{1}v_{\mathrm{k}}v_{2}v_{k+1}})$
$\mathrm{I}$ .
4.6 $\succ$ $\llcorner$ , $c=(c_{1,2}, \ldots, c_{1,d}, c_{2,3}, \ldots, cd-1,d)\in \mathbb{R}^{n}$ , $i<j<k$
$ci,j+c_{j,k}>c_{i,k}$ , [ $i<j<k<l$ $c:,k+c_{j,l}>\mathrm{G}.,l+c_{j,k}$
, \succ $I_{A}$ Gr\"obner 45 .
(—p- ) 45 $lf$ $1^{1}1\mathrm{F}_{\backslash }$ $\succ’$ , $c:,j+cj,k>c_{\dot{\iota},k}$ $in_{\succ c}(g_{1jk}.)=xi,jxj,k=in_{\succ^{\mathrm{r}}}(g_{1jk}.)$
. $c_{i,k}+c_{j,l}>c_{i,l}+c_{j,k}$ $in_{\succ c}(g_{\dot{l}jkl})=x:,kx_{j,l}=in_{\succ}’(g_{\dot{\iota}jkl})$ . , $in_{\succ c}(I_{A})=$
$in_{\succ}’(IA)$ , \succ $\succ’$ $I_{A}$ Gr\"obner .
47 $x_{i,j}\succ x_{k,l}\Leftrightarrow i<k$ ($i=k$ $j>l$ ) $\succ$
, $\succ$ ( $I_{A}$ Gr\"obner $\{g_{1j}.:=x:,j-xi,:+1x:+1,i+2\ldots xj-1,j|i<j-1\}$
. , Gr\"obner $(\begin{array}{l}d2\end{array})-(d-1)$ .
$\{g_{ij}|i<j-1\}$ $T:=\{(i, i+1)|1\leq i<d\}$ $G_{d}$
.
( ) $C$ $T$ . $v_{1}$ $C$ ,
$C:=(v_{1}, v_{2}, \ldots, v_{p}, v_{1})$ . , $v_{2}<v_{p}$ . , $C$
$fc$ $in_{\succ}(fc)$ $x_{v_{1},v_{\mathrm{p}}}$ , $in_{\succ}(fc)$ $in_{\succ}(g_{v_{1}v_{\mathrm{p}}})$ .
4.8 $\succ$ |I| , $c=(c_{1,2}, \ldots, c_{1,d}, c_{2,3}, \ldots, cd-1,d)\in \mathbb{R}^{n}$ , $i<j-1$
$c_{i,j}>c_{i,i+1}+c_{i+1,i+2}+\cdots+cj-1,j$ , $\succ_{C}$ $I_{A}$ Gr\"obner
4.7 .
( ) 47 $\succ’$ , ,j $>$ ,$i+1$ $+1,:+2+\cdots+c_{j-1,j}$ $in_{\succ c}(g_{\dot{\iota}j})=$




[16] , Gr\"obner .
,
.
49 $I_{A}$ Gr\"obner $(\begin{array}{l}d2\end{array})-(d-1)$ . 4.7
.
( ) $I_{A}$ Gr\"obner $I_{A}$ , Gr\"obner $I_{A}$
. $I_{A}$ $G_{d}$ , $(\begin{array}{l}d2\end{array})-(d-1)$
.
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$d$ $\#$ GB $\not\cong\not\equiv_{\backslash }\Re\emptyset\ovalbox{\tt\small REJECT}*ffi\llcorner$ $\not\cong\not\equiv_{\backslash }\Re\emptyset\ovalbox{\tt\small REJECT}’ \mathrm{J}\backslash ffl\llcorner$
4 10 5 3
5 211 15 6
6 48312 37 10
7 $\geq 37665$ $\geq 75$ 15
2: Gr\"obner ,
Gr\"obner ,
Gr\"obner TiGERS [10] $d\leq 7$ ,
Table 2 .
$d=7$ , Gr\"obner ,
. $d\leq 5$ , 45 , $d\geq 6$
45 . $d=6$ , Gr\"obner
37 . Gr\"obner
.
410 $I_{A}$ Gr\"obner $d$ .
4.3
, $c$ . $c$ , $c’$ ,
$f\in I_{A}$ $in_{C’}(f)$ in (f) . $P_{A,C}(b)$
1 , $P_{\overline{A},C}(\overline{b})$ . , $in_{C}(IA)=in_{C}(I_{\overline{A}})$
$\overline{A}$ . , cone(A) $c$ $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{e}(\overline{A})$ $c$
. \Delta .
in (IA) ( 43) ,
$S(in_{C}(IA))$ , { $(1,$ $\sigma)|\sigma$ \Delta } .
$E$ $G_{d}$ , $S\subseteq E$ $x^{S}:= \prod_{(:,j)\in S}$ x .
(forest) [1]. cone(A)
$d-1$ , 24, 43, 31 .
4.11 $(x^{a}, \sigma)$ $in_{C}(IA)$ , $x^{a}=1$ $\sigma$ $x^{\sigma}\not\in in_{C}(I_{A})$
$G_{d}$ .
3 , $(1, *)$ inc(IA) $P_{\overline{A},C}(\overline{b})$ 1
1 . , PA, (b) 26 ,
.
Gr\"obner ( ) . $c$
, $in_{C}(IA)$ 1 .
412 $c$ , inc(IA) 1 .
( ) 48 $c$ , $in_{C}(IA)=\langle x:\dot{o}|j-i>1\rangle$ . , $x^{a}\not\in$
$in_{C}(I_{A})$ , $j-i>1$ $i,j$ $a:,j=0$ .
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, $(1, \{(1,2), (2,3), \ldots, (d-1, d)\})$ . ,
$Sn_{C}(\ovalbox{\tt\small REJECT})$ .
415 $c$ , inc(IA) $(d-1)$
Catalan $C_{d-1}:= \frac{1}{d}(_{d-1}^{2(d-1)})$ .
, Gelfand [5] , .
416([5]) $d$ }$\backslash -$ $A$ $A’$ , $\cdot A’$
$a_{1}’,$
$\ldots,$
$a_{n+1}’$ conv(A’) . , $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}(A’.)$ $(d-1)$ Catalan
$C_{d-1}$ .
( 415 ) $A$ , 33 arith-deg $(inc(I_{A}))\leq$ (conv(A’) ) $=$
$C_{d-1}$ .
4.11 46 , 46 $c$ $(1, \sigma)$ $\grave{\grave{\mathrm{a}}}$ inc(IA)
$\sigma$ :
(a) $(i,j)$ $(j, k)$ $\sigma$ $1\leq i<j<k\leq d$ .
(b) $(i, k)$ $(j, l)$ $\sigma$ $1\leq i<j<k<l\leq d$ .
$(d-1)$ Catalan ( [15] ).
, Catalan $\frac{4^{n}}{\sqrt{\pi}n^{S/2}}(1+O(\frac{1}{n}))$ ( [3] ).
5 Gr\"obner
Gr\"obner .
$G_{d}=(V, E)$ . $D\subseteq E$ $G_{d}$ (cutset) , $V$ $(V_{1}, V_{2})$ (
$V_{1}\cap V_{2}=\emptyset,$ $V_{1}\cup V_{2}=V)$ $D=$ { $(i,j)\in E|i\in V_{1}$ $j\in V_{2}$ , $i\in V_{2}$ $j\in V_{1}$ }
. , $D$ $(V^{+}, V^{-})$ .
51 $D$ $V=(V^{+}, V^{-})$ $G_{d}$ , $uD\in \mathbb{R}^{n}$
$(u_{D})_{\dot{l}j}:=\{$
1($i\in V^{+}$ and $j\in V^{-}$ )
-1 ($i\in V^{-}$ and $j\in V^{+}$ )
0(otherwise)
. $u_{D}$ $D$ (incidence vector) . , $G_{d}$
$D$ $f_{D}:=x^{u_{D}^{+}}-x^{u_{D}^{-}}\in I_{(I}-M^{\mathrm{T}}$ ) .
3 , $\{(1,2), (2,3), \ldots, (d-1, d)\}$ $P_{A,C}(b)$
$P_{(MI),\tilde{C}}(\overline{b}):=maximize$ $\{(-\tilde{c})^{\mathrm{T}}x’|Mx’+Ix’’=\overline{b}_{B}, x’, x’’\geq 0\}$ ,
$D(\tilde{c}):=minimize(I-M^{\mathrm{T}}),\tilde{b}$
$\{\tilde{b}_{B}^{\mathrm{T}}y’’|Iy’-M^{\mathrm{T}}y’’=\overline{c}, y’, y’’\geq 0\}$ ,
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. , ( $M\ovalbox{\tt\small REJECT}$ $(I-M^{\mathrm{T}})$ $\ovalbox{\tt\small REJECT}(1,2),$ $(2,3),$ $\ldots,$ $(d-1\zeta d)\}$
, $\ovalbox{\tt\small REJECT}$ $\{(1,2), (2,3), \ldots, (d-1, d)\}$
, $b\ovalbox{\tt\small REJECT}(b_{B}, b_{N})\ovalbox{\tt\small REJECT}$ (b )l i $<j\ovalbox{\tt\small REJECT} d,$ $bB\ovalbox{\tt\small REJECT}(b_{i,\mathrm{i}+1})_{\mathrm{i}\ovalbox{\tt\small REJECT} i<d}$, $b_{N}\ovalbox{\tt\small REJECT}(b_{i,j})_{i<j-1}\ovalbox{\tt\small REJECT} 0$ $\sim$
$x=(x’, x”),$ $x’=(x_{1,3}\ldots, x_{1,d}, x_{2,4}, \ldots, x_{d-2,d}),$ $x”=(x_{1,2}, x_{2,3}, \ldots, x_{d-1,d})$
$y=(y”,y’),$ $y’=(y_{1,3}\ldots, y1,d, y2,4, \ldots, y_{d-2,d}),$ $y^{n}=(y_{1,2}, y_{2,3}, \ldots, y_{d-1,d})$
. $P_{(MI),\overline{C}}(\tilde{b})$ $d-1$ ( $(MI)\in \mathbb{Z}^{(d-1)\mathrm{x}n}$ ), $D(\overline{c})(I-M^{\mathrm{T}}),\tilde{b}$ $n-d+1$
( $(I-M^{\mathrm{T}})\in \mathbb{Z}^{(n-d+1)\mathrm{x}n}$).
$(I-M^{\mathrm{T}})$ $n-d+1$ , $(MI)$
$\mathrm{k}\mathrm{e}\mathrm{r}((I-M^{\mathrm{T}}))$ , $(MI)$
$\mathrm{k}\mathrm{e}\mathrm{r}(I-M^{\mathrm{T}})$ .
$(I-M^{\mathrm{T}})$ , $\mathrm{C}\mathrm{T}(I-M)$ $G_{d}$
. $(I-M^{\mathrm{T}})$ , 0 $\pm 1$ (
[20] ) , 43 $\mathrm{C}I-M\tau()=\mathcal{U}(I-M^{\mathrm{T}})$ .
52 $(MI)x=\tilde{b}_{B}$ $\tilde{b}$ , $I_{(I}-M^{\mathrm{T}}$ )
$\tilde{b}$ Gr\"obner .
( ) $a\geq 0$ $(MI)x=\tilde{b}_{B}$ ( ). $(MI)$ $i$
, $(i, i+1)$ $r$: . $(V^{+}, V\backslash V^{+})(V^{+}\subseteq$
$\{1, \ldots, d-1\})$ $D$ , $u_{D}= \sum:\in v+,$ $:+1 \not\in V^{+:}r-\sum_{:\not\in\gamma+,:+1\in V}+r$ :
,
$a\cdot u_{D}$ $=$




$\sum_{\dot{*}\in V+1+1\not\in V+}.\tilde{b}_{1,}.:+1-,$$\sum_{\dot{*},:\not\in\gamma+1\in V+}\tilde{b}_{1}+\cdot,:+1$
$=$ $\tilde{b}\cdot u_{D}$
. , $D$ $in_{a}(f_{D})=:n_{\tilde{b}}(f_{D})$ , $in_{a}(I_{(I}-M^{\mathrm{T}}))=$
$in_{\overline{b}}(I\mathrm{T})(I-M)$ . , $a\geq 0$ $I\mathrm{T}(I-M)$ $\tilde{b}$ Gr\"obner .
2.2 ( ) $c=\langle 3,1,2$), $b=(4,5)$ , $\{(1,2), (2,3)\}$
.
$\max$ $4x_{1,3}$ $\min$ $4y1,2+9y_{2,3}$
$s.t$. ( $11|_{0}1$ $01$ ) $(\begin{array}{l}x_{1_{\prime}3}x_{1,2}x_{2,3}\end{array})=(\begin{array}{l}49\end{array})$ $s$ .t. $(1|-1$ $-1)(\begin{array}{l}y1,3y_{1_{\prime}2}y_{2,3}\end{array})=-4$
$x_{1,2},$ $x_{1,3},$ $x_{2,3}\geq 0$ $y_{1,2},$ $y_{1,3},$ $y_{2,3}\geq 0$
, $I(1,-1,-1)=\langle x_{1,2}-x_{2,3}, x_{1,2}x_{1,3}-1, x_{1,3}x_{2,3}-1\rangle$ , $\tilde{b}=(4,0,9)$





53 $\overline{b}$ 52 , $1\leq\forall i<\forall j\leq d$ $\text{ }.\tilde{b}_{\dot{2}},:+1>\tilde{b}j,j+1$ $j>i+1$




$d\}$ . , Gr\"obner $\dot{k}-$
$d-1$ .
$g_{i}$ $(V\backslash \{i\}, \{.i\})$ .
$t$ .
( ) $(V^{+}, V^{-})$ ( $\langle$ $1\in V^{+}$ ) $D$ , $P^{+}:=$
$\{i\in V^{+}|i\neq d, i+1\in V^{-}\}.$’ $P^{-}$.
$:=\{i\in. V^{-}|i\neq d, i+1\in V^{+}\}$ . $P^{+}=\{i_{1}, \ldots, i_{p}\}$
$(i_{1}<i_{2}<\cdots<i_{p})$ , $P^{-}=\{j_{1}, \ldots,j_{q}\}(j_{1}<j_{2}<\cdots<j_{q})$ , $p=q$ $p=q+1$
, $\text{ }$ $i_{1}<j_{1}-<i_{2}<j_{2}<\cdots<i_{k}<j_{k}<i_{k+1}<j_{k+\mathrm{I}}<\cdots$ . $\overline{b}\cdot u_{D}^{+}=\sum_{\mathrm{r}=1}^{p}\tilde{b}_{\dot{\iota}_{r},\dot{\iota}_{r}+1}>$




5.4 $I(I-M^{\mathrm{T}})$ Gr\"obner $d-1$ . 53
.
( ) $I_{(I-M^{\mathrm{T}})}$ Gr\"obner. & $I_{(I-M^{\mathrm{T}})}$ , Gr\"obner
$I_{(I-M^{\mathrm{T}})}$ . $I(I-M^{\mathrm{T}})$ $G_{d}$ ,
$d-1$ .
Gr\"obner , TiGERS $d\leq 7$




5.5 $I_{(I}-\cdot M^{\mathrm{T}}$ ) Gr\"obner $d$ . . $\cdot$
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53
43 , $\tilde{b}$ . $in_{\acute{[}}$
, $in_{\tilde{b}}(I_{(I-M^{\mathrm{T}})})$ $(1, *)$ $\mathrm{A}\mathrm{a}$ ;
$D_{(I-M^{\mathrm{T}}),\tilde{\mathbb{C}}}(\tilde{b})$ cone((I $-M^{\mathrm{T}}$))
, 24, 3.1 .
$<\mathrm{p}\mathrm{p}$ 5.6 $(oe^{a}, \sigma)$ $\backslash$’ $in_{\tilde{b}}(I_{(I}-M^{\mathrm{T}}))$ , $x^{a}=1$
$G_{d}$ .
$1$ 2.2 ( ) $c=(3,1,2)$ , $b=(4,5)$ , $in_{(4,0,9)}(I_{(1|-1,-1}$
$(1, \{(1,2)\})$ , $(1, \{(1,3)\})$ .
5.7 52 $\tilde{b}$ , $S\subset\{1,$ $\ldots$
$\bullet|S|\geq\lfloor(d-\mathfrak{y}/6\rfloor$
$\sigma\subseteq S$ , $G_{d}$ $T_{\sigma}$
(A) TfJ\sigma $\{(i, i+1)|i\in S\backslash \sigma\}$ , { $(j,j+1)|j\in\sigma$ :
(B)(1, T $in_{\tilde{b}}(I_{(I-M^{\mathrm{T}})})$ . , $\overline{T_{\sigma}}:=E\backslash T_{\sigma}$ $T_{\sigma}$
, (A) $\sigma\neq\tau$ $\sigma,\tau\subseteq S$ $T_{\sigma}\neq T_{\tau}$ , $in_{\dot{[}}$
$\Omega(2^{\lfloor d/6\rfloor})$ .
( ) $\{1, \ldots, d-1\}$ :
$M_{0}:=\{i\in\{1, \ldots,d-1\}|X:,:+1\in:n_{\tilde{b}}(I_{(I-M^{\mathrm{T}})})\}$
$M_{1}:=\{i\in\{1, \ldots,d-1\}|i\not\in M_{0}, i\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} 3)\}$
$M_{2}:=\{i\in\{1, \ldots,d-1\}|i\not\in M_{0}, i\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 3)\}$
$M_{3}:=\{i\in\{1, \ldots,d-1\}|i\not\in M_{0}, i\equiv 2(\mathrm{m}\mathrm{o}\mathrm{d} 3)\}$
$M_{0}$ .
5.8 $|M_{0}|\leq\lceil(d-1)/\cdot 2\rceil$ .
(Lemma 5.8 ) $(V^{+}, V^{-})$ $D$ , $f_{D}$ 10
. , $i\in V^{+}$ . , $V^{+}$ $V^{-}$
. $j-:>1$ . $k(i<k<j)$ $k\in V^{+}$
$V^{-}$ , $k\in V^{-}$ $($ :, $k)$ $V^{+}$ $V^{-}$ $I$
$j=i+1$ . , $k<i$ $k\in V^{-}$ $k>i+1$
, $V^{+}=\{i, i+2, i+3, \ldots, d\}$ , $V^{-}=\{1, \ldots, i-1, i+1\}$ .
$f\in I_{(I-M^{\mathrm{T}})}$ \lambda $in_{\tilde{b}}(f)=x:,|.+1$ , $x:-1,:\in ir_{l}$
$(\{i-1, i+1, \ldots,d\}, \{1, \ldots, i-2, i\})$
$f’:=x:,:+1-( \prod_{k\leq\dot{l}-2}x_{k,:})(_{k\geq\dot{*}+2}\prod X:+1,k)(\begin{array}{ll}\Pi x_{k,l}k\leq\cdot..-1l\geq\cdot+2’ \end{array})(_{k\leq 1-2} \prod.x_{k},|.-1)(_{k:}$
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, $f’$ xi ’1 . $f’$ $x:,:+1$ , $in_{\tilde{b}}(f’/x_{\dot{*},:+1})=1$
, $\tilde{b}$ )$1|\ovalbox{\tt\small REJECT}_{\backslash }$ . , $x:-1,:\not\in in_{\overline{b}}(I_{(I-M^{\mathrm{T}})})$ . $x:+1,:+2\not\in$
$in_{\overline{b}}(I_{(I}-M^{\mathrm{T}}))$ . , $|M_{0}|\leq\lceil(d-1)/2\rceil$ .
, $M_{1},$ $M_{2},$ $M_{3}$ 1 $\lfloor(d-\mathfrak{y}/6\rfloor$ . $M_{\dot{l}}(i=$
$1,2,3)$ $S$ . $\sigma:=$ { $i_{1}>$ i2 $>\cdots>i_{r}$ } $\subseteq S$ ,
$T_{\emptyset},$ $T\{i_{1}\}$ , $T\{i_{1},i_{2}\}’\cdots,$ $T_{\sigma}$ .
. :
$T_{\emptyset}:=\{(1,2), (2,3), \ldots, (d-1, d)\}$ . $T_{\emptyset}$ . Gr\"obner
, Gr\"obner $i$ # $x:,i+1$
. , $x^{\overline{T}}\emptyset\not\in in(\tilde{b}I)(I-M^{\mathrm{T}})$ .
. :
$\sigma\backslash \{i_{f}\}$ $T_{\sigma\backslash \{:_{r}\}}$ .
$T^{1}:=\{T_{\sigma\backslash \{i_{r}\}}\backslash \{(i_{r}, i, +1)\}\}\cup\{(i_{r}, i, +2)\}$ , $T^{2}:=\{T^{1}\backslash \{(i_{f}+1, i_{f}+2)\}\}\cup\{(i_{f}-1, i_{f}+1)\}$ .
. $T^{1}$ , $T^{2}$ (A) . $T^{1}$ , $T^{2}$ (B)
.
$\frac{(\mathrm{a})T^{1}t^{\grave{\mathrm{a}}}\neg*\wedge(+(\mathrm{B})\epsilon_{i(\mathrm{f}\mathrm{f}^{-}}\grave{\backslash }arrow \text{ }{T^{1}\mathrm{B}^{\grave{\grave{\mathrm{a}}}}T_{\sigma}l_{c}^{arrow}\lambda\backslash l\text{ }\overline{P}Poe\Rightarrow \text{ }\wedge\neq \text{ }arrow \text{ }\mathrm{C}^{\backslash \backslash }}}.\cdot$
.
(b) $T^{1}$ \emptyset ‘‘‘ (B) $\mathrm{Z}$: $.\sim$ $\text{ }ff\mathrm{A}\mathrm{a}\text{ }$ .
, $x^{\overline{T^{1}}}\in in_{\tilde{b}}(I_{(I}-M^{\mathrm{T}}))$ . $\mathcal{G}$ $I_{(I}-M^{\mathrm{T}}$ )
$\overline{b}$ Gr\"obner , $x^{\overline{T^{1}}}$
$g\in \mathcal{G}$ . $x^{\overline{T^{1}}}$ $g$
1 ( 5 ).
(i) $p\leq i_{f}$ $V^{+}=\{p,p+1, \ldots, i_{f}, i_{f}+2, i_{f}+3, \ldots, d\}$ , $V^{-}=\{1,2, \ldots,p-1, i_{\mathrm{r}}+1\}$
, $(V^{+}, V^{-})$ $g_{(p)}^{(1)}$ , $V^{+}$ $V^{-}$
.
(ii) ($r>1$ ) $(i_{q(k)}+1, i_{q(k)}+2)\in T_{\sigma\backslash \{i_{r}\}}(k=1, \ldots, t)$ $1\leq\exists q(t)<\cdots<\exists q(2)<$
$\exists q(1)<r$ $1\leq\exists p\leq i_{f}$ [ $V^{-}=\{1,2, \ldots,p-1, i, +1, i_{q(1)}+1, \ldots, i_{q(t)}+1\}$ ,
$V^{+}=V\backslash V^{-}$ , $(V^{+}, V^{-})$ $g_{(p,t)}^{(2)}$ ,
$V^{+}$ $V^{-}$ .
59 $p$ $g_{(p)}^{(1)}\in \mathcal{G}$ , $x^{\overline{T^{1}}}$ $g_{(1)}^{(1)}$ , , $g_{(1)}^{(1)}$
$\{(k, i_{r}+1) : k\leq i_{f}\}$ .
( 59 ) $r=1$ , $x^{\overline{T^{1}}}$ $g_{(p)}^{(1)}$ .
$r>1$ , $x^{\overline{T^{1}}}$ $p$ $g_{(p)}^{(1)}$ . , $x^{\overline{T^{1}}}$ $g_{(p,t)}^{(2)}$ $\mathcal{G}$
, $x^{\overline{T^{1}}}$ $g_{(1,t)}^{(2)}$ ( $g_{(1,t)}^{(2)}$
, $g_{(p,t)}^{(2)}$ $g_{(1,t)}^{(2)}$ , $g_{(p,t)}^{(2)}$ $\mathcal{G}$ ).
$x^{\overline{T^{1}}}$
$g_{(1,1)}^{(2)}$ . $x^{\overline{T^{1}}}$ $g_{(1,1)}^{(2)}$ $m_{1}$ , $m_{1}$ $g_{(1)}^{(1)}$
$m_{2}$ ( , $g_{(1)}^{(1)}$ $V^{-}$ $V^{+}$ ).
$V_{D}^{-}=\{i_{q(1)}+1\}$ , $V_{D}^{+}=V\backslash V_{D}^{-}$ , $(V_{D}^{+}, V_{D}^{-})$ $D$
$f_{D}\in I_{(I-M^{\mathrm{T}})}$ , $in_{\tilde{b}}(f_{D})$ $V_{D}^{-}$ $V_{D}^{+}$ ( , $x^{\overline{T_{\sigma\backslash \{}}}\cdot.’$} $f_{D}$
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5:(i), (ii)
4: $g_{(1,1)}^{(2)}$ , $g_{(1)}^{(1)}$
, ). $m_{2}$ $f_{D}$ , $x^{\overline{T^{1}}}$ ( 53
). , $\tilde{b}$ .
, $x^{\overline{T^{1}}}$ $g_{(1,t)}^{(2)}(t>1)$ , $(V_{D}^{+}, V_{D}^{-})(V_{D}^{-}=\{i_{q(1)}+1, i_{q(2)}+1, \ldots, i_{q(t)}+1\}$ ,
$V_{D}^{+}=V\backslash V_{D}^{-})$ $D$ $f_{D}\in I_{(I-M^{\mathrm{T}})}$ .
, $p$ $g_{(\mathrm{p})}^{(1)}\in \mathcal{G}$ .
$x^{\overline{T^{1}}}$
$g_{(1)}^{(1)}$ ( , $g_{(1)}^{(1)}$ . $\{(i_{f}+1,$ $l)$ : $l\geq i_{r}+2\}$ ) , $g_{(p)}^{(1)}$




$\mathcal{G}$ . $x^{\overline{T^{2}}}$ $g\in \mathcal{G}$
, $g$ 1 ( 6 ).
(i) $g_{(\dot{\iota}_{r})}^{(1)}$ , $x:_{r},:_{r}+1$ .
(ii) $i_{r}+1\in V^{+}$ , 1, 2, $\ldots,$ $i_{f},$ $i_{r}+2\in V^{-}$ $(V^{+}, V^{-})$
, $V^{+}$ $V^{-}$ .
(iii) ($r>1$ ) $g_{(-_{r},t)}^{(2)}$ , $V^{+}$ $V^{-}$ .
(i) , $g_{(\dot{l},)}^{(1)}$ $x:,,:,+1$ , $i_{r}\not\in M(0)$ . , (ii)
$g_{(1)}^{(1)}$ , Gr\"obner $\mathcal{G}$ .
(iii) . $x^{\overline{T^{2}}}$ $g_{(,1)}^{(2)}|.r$ .
, $(V_{D}^{+}, V_{D}^{-})(V_{D}^{+}=\{1,2, \ldots, i_{f}-1, i_{r}+1\}, V_{D}^{-}=V\backslash V_{D}^{+})$
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6:(i), (ii), (iii)
$f_{D}\in I_{(I-M^{\mathrm{T}})}$ ( $i_{r}\not\in M(0)$ $f_{D}$ $V_{D}^{+}$ $V_{D}^{-}$ ).
$m$ .
5: $g_{(i_{\mathrm{r}},1)}^{(2)}$ , $f_{D}$
$(V_{D}^{+}, , V_{D’}^{-})(V_{D’}^{-}=\{i_{q(1)}+1\}, V_{D}^{+}, =V\backslash V_{D’}^{-})$ $f_{D’}$
, $in_{\tilde{b}}(f_{D’})$ $V_{D}^{-}$, $V_{D}^{+}$, ( , $x^{\overline{T_{\sigma\backslash \{\cdot\}}}}.r$ $f_{D}$,
, ). , $m$ $f_{D’}$ $x^{\overline{T^{2}}}$ ( 53 ), $\overline{b}$
.
, $x^{\overline{T^{2}}}$ $g_{(i_{r},t)}^{(2)}(t>1)$ , $f_{D}$ $(V_{D}^{+},, V_{D}^{-},)(V_{D}^{-},$ $=\{i_{q(\mathrm{I})}+1,$ $i_{q(2)}+$
$1,$
$\ldots,$ $i_{q(t)}+1\}$ , $V_{D}^{+},$ $=V\backslash V_{D}^{-},)$ $f_{D},$ $\in I(I-M^{\mathrm{T}})$
, .
, $x^{\overline{T^{2}}}\not\in in_{\tilde{b}}(I_{(I}-M^{\mathrm{T}}))$ , $T^{2}$ $T_{\sigma}$ .
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